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Abstract
Gauge invariant, Hamiltonian formulation of field dynamics within a compact re-
gion Σ with boundary ∂Σ is given for the gravitational field linearized over a Kottler
metric. The boundary conditions which make the system autonomous are discussed
and the corresponding Hamiltonian functional HInvariant is calculated. It is shown that,
under specific boundary conditions, the quasi-local Geroch–Hawking massHHawking re-
duces to HInvariant in the weak field approximation. This observation is a quasi-local
version of the classical Brill–Deser result [1].
1 Introduction
Dynamics of the linear theory of gravity can be formulated in terms of two gauge-invariant,
non-constrained degrees of freedom. For this purpose one can use e.g. selected components
of the (linearized) Weyl tensor [2], [3], [11]. The two degrees of freedom contain the
entire information about dynamics: knowing them, the complete field configuration can
be uniquely (up to an arbitrary gauge transformation) reconstructed in a quasi-local way.
The phase space of Cauchy data carries a canonical ADM-symplectic structure. The value
of its Hamiltonian functional is uniquely implied by this structure and the field dynamics:
it is a positive, quadratic form of gauge invariants ([3], [11]). In case of a flat background,
this quantity satisfies an important consistency test: it is equal to the second variation
(the leading term in the Taylor expansion) of the total ADM energy, commonly accepted
as the Hamiltonian function of the complete, nonlinear theory [1].
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Any reasonable definition of a quasi-local mass should also satisfy a quasi-local version
of the above test. In the present paper we check the consistency of the Hawking mass
with the local energy content of the linear theory for a general spherically-symmetric
background: an arbitrary Kottler metric. Our main result is that the second variation
of the Hawking mass assigned to a topological 2D sphere ∂Σ agrees with the amount of
(gauge-independent) field energy of the linearized gravity contained in Σ, modulo a certain
gauge-dependent boundary term. The complete agreement can be obtained if we impose
an appropriate gauge condition at the boundary ∂Σ which annihilates the undesirable term
in the Taylor expansion.
The gauge-dependence of the field energy is not a paradox. We stress that our gauge
condition plays a role which is much more fundamental than merely a “convenient gauge”,
used to annihilate unwanted terms in the expansion. Indeed, the 2D surface ∂Σ plays a
double role in the definition of quasi-local mass E∂Σ. The first, obvious one, is the role
of a boundary of a region Σ whose energy content we want to measure1. But the second
role, that of a “reference frame”, is related to the very notion of field energy, which is
not a scalar quantity: it is always measured with respect to a reference frame. In special
relativity theory, reference frame can be identified with a vector field, say T , which must
be a symmetry field of the spacetime geometry. Field evolution consisting in shifting the
field configuration along this field becomes an autonomous Hamiltonian system, with the
Hamiltonian function provided by the Noether theorem. The same procedure works not
only for the total energy, but also for local energy contained in a bounded 3D region Σ,
provided appropriate boundary conditions at the boundary of the world tube Σ × R are
satisfied, which assure the adiabatic insulation of its interior from the exterior2.
In principle, nothing prevents us from using the same construction for an arbitrary
vector field T . But the resulting Hamiltonian system is no longer autonomous if T is
not a symmetry field. The value of the corresponding Hamiltonian is no longer conserved
and cannot be interpreted as the field energy. If T is a combination of time translation,
space translation, rotation, boost etc., the resulting Hamiltonian function is a strange
combination of energy, momentum, angular momentum, static moment etc., but for a
generic T it is difficult to find any reasonable interpretation of such a quantity (see [5]).
In General Relativity Theory, Noether theorem does not provide any valuable “energy
density” but the field evolution can still be interpreted as a Hamiltonian system, provided
the interior of the tube Σ×R is adiabatically insulated by appropriate boundary conditions
[7], [8]. Again, it is hard to call “energy” the Hamiltonian functional obtained via such
a procedure, unless we choose the field T in a way that eliminates all those unwanted
ingredients (like rotation, boost, space translation etc.). To do that, the only “reference
frame” being at our disposal when defining the quasi-local energy E∂Σ is the surface itself:
the only “canonical” time-like vector field T µ which we have at our disposal is the one being
orthogonal to ∂Σ and to the “extrinsic curvature” vector Hµ (at least when the latter and
the surface itself are space-like), i.e. satisfying gµνT
µHν = 0.
1In General Relativity Theory, two 3D regions Σ1 and Σ2 having the same boundary contain the same
amount of energy due to the diffeomorphism invariance of the dynamics.
2Here, again, two 3D regions Σ1 and Σ2 having the same boundary contain the same amount of en-
ergy due to: 1) “conservation laws” satisfied by the Noether energy-momentum tensor and 2) boundary
conditions. The latter assure the uniqueness of the evolution.
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In the flat Minkowski spacetime this procedure produces a useful, self-parallel vector
field T only when the surface ∂Σ is sufficiently “rigid”, i.e. contained in a flat 3D hyperplane.
Otherwise, the value of the Hamiltonian function obtained this way cannot be interpreted
as a field energy. In particular, one cannot expect any reasonable property (like positivity,
convexity etc.) that usually characterize the energy functional and enable us to prove
important properties of the field evolution (e.g. stability).
It turns out that such a rigidity condition can be formulated in case of a generic,
curved spacetime (see [6], [9], where the existence of the eight-parameter family of rigid
spheres has been proved). A natural hypothesis arises that the quasi-local Hamiltonian
function, defined by imposing appropriate boundary conditions, can be interpreted as the
field energy only for such “rigid spheres”. The main result of our paper supports this
hypothesis. Indeed, the curious gauge condition, which is necessary to obtain equality
between the quadratic term in the expansion of the Hawking mass and the field energy of
the linear gravity, is just the linearized version of the rigidity condition of the surface ∂Σ.
2 Technical setup and notation
We analyze the (approximative) relation between Geroch–Hawking mass as a quasi-local
Hamiltonian function and the gauge-invariant positive definite Hamiltonian in linearized
gravity with the background being a Kottler metric:
ηµνdx
µdxν = −fdt2 + 1
f
dr2 + r2
[
dϑ2 + sin2 ϑdϕ2
]
, f(r) = 1− 2m
r
− r
2
3
Λ , (1)
which is spherically symmetric. Our choice of coordinates is fixed by the form of the back-
ground metric (1) and we order them in the following way: (x0, x1, x2, x3) = ( t , ϑ , ϕ , r ).
We will work within the framework of the Cauchy problem for the Einstein equation, in
the ADM formulation thereof. We consider a compact region on a Cauchy surface, foliated
by a family of two-dimensional spheres:
Σ = {x0 = t0, r0 ≤ x3 ≤ r1} =
⋃
r∈[r0,r1]
S(r), S(r) = {x ∈ Σ : x3 = r}. (2)
We assume that Σ lies within the domain of positive f — outside of the black hole horizon
and within the cosmological horizon (if it exists3).
3Existence and location of horizons is determined by positive roots of the cubic polynomial r ·f(r). For
Λ < 0 only one positive root, the black hole radius rS, exists and we assume rS ≤ r0 < r1. For Λ > 0
there are two positive roots, interpreted as the black hole and cosmological horizon radii rS < rC . In this
case, we take rS ≤ r0 < r1 ≤ rC .
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S(r0)
S(r1)Σ
A following indexing convention will be used to denote dimensionality of geometric
objects: small Greek indices correspond to full spacetime coordinates (µ, ν = 0, 1, 2, 3),
small Latin indices denote objects from the Cauchy surface (k, l = 1, 2, 3) and big Latin
indices represent coordinates on two-dimensional spheres S(r) (A,B = 1, 2). The coordi-
nate derivative and the two-dimensional covariant derivative on S(r) will be denoted by a
comma and the symbol “ ||” respectively. The volume form on the spheres defined by the
Kottler metric is Π := r2 sin θ and λ denotes the counterpart volume form for gAB . The
symbol
◦
∆ is the Laplace–Beltrami operator on a unit sphere. This notation agrees with
the one used in [11].
2.1 Extrinsic curvature and torsion
For a metric manifold M with a submanifold S, the extrinsic curvature of S in M can be
defined by a following formula:
HµABX
AY B := Pµ (∇XY ) , (3)
where X and Y are vector fields in TS, ∇ is the metric connection on M and Pµ denotes
the orthogonal projection onto the space of vectors orthogonal to S, the normal bundle
NS. Hence, Hµ(X,Y ) is a vector in NS. Trace of the extrinsic curvature with respect to
the intrinsic metric gAB of S, is called the mean extrinsic curvature Hµ It is also a vector
in NS.
If S is of codimension one inM, we may identify elements of NS with scalar functions
on S by choosing a unit normal vector field as a basis in NS.
If, however, S is of codimension two and Hµ is nonvanishing, then we may choose a
unit vector field T µ ∈ NS, so that the pair constitutes an orthogonal basis of the normal
bundle. We can then define the quantity known as extrinsic torsion:
tAX
A := Tµ∇X
(
Hµ
||H||
)
, (4)
which is a covector field on S. The symbol ||H|| denotes the length of the vector Hµ.
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3 Reduced variables. Hamiltonian version of linearized the-
ory
The complete description of the canonical structure of linear gravity on the Kottler back-
ground has been given in paper [11] (a generalization of earlier results [3] to the case with
cosmological constant) and we shall briefly sketch it below. Initial (Cauchy) data for Ein-
stein equations can be represented in the form of two symmetric tensors — the induced
metric and the ADM momentum (trace-corrected extrinsic curvature of Σ):
(gkl,P
kl), gkl = gµν |Σ, Pkl = √g(gklK −Kkl), g := det gkl. (5)
In linearized theory, we consider solutions of the form gµν = ηµν + hµν and consider
corresponding Cauchy data as perturbations of the point (ηkl, 0). The perturbation of the
ADM momentum will therefore be numerically equal to the ADM momentum of the full
metric, and the resulting perturbation data will have the form:
(hkl, P
kl), hkl := gkl − ηkl, P kl = Pkl. (6)
These data are constrained by four Gauss–Codazzi constraint equations. Furthermore,
they are subject to a four-parameter family of gauge transformations — the “infinitesimal
coordinate changes”. Therefore, out of the twelve independent tensor components, only
four carry physically relevant information. We single out these “true” degrees of freedom
by constructing a set of reduced, gauge invariant variables. To obtain them, we decompose
the symmetric tensors with respect to the geometric structure on the two-spheres S(r) and
rearrange the parts into suitable combinations. The theory splits into two separate sectors,
differing in parity under manifold orientation changes. We call the odd sector “axial” and
the even one “polar”. In linear theory these two parts do not interact.
The resulting reduced variables have the following form (see [3] and [11]): there are
two (mutually conjugate, like position and momentum) observables in the axial sector:
y := 2Π−1r2P 3A||BεAB , (7)
Y := Π(
◦
∆ + 2)h3A||Bε
AB −Π(r2hCA||CBεAB), 3 (8)
and two in the polar one:
x := r2hAB
||AB − ( ◦∆ + 1)(hABηAB) + fBQ , (9)
X := 2r2PAB ||AB −
◦
∆(PABηAB) + BΞ . (10)
where Ξ and Q denote the following expressions:
Ξ := 2rP 3A||A +
◦
∆P
3
3 , (11)
Q := 2h33 + 2rh3
A
||A − r(hABηAB),3 . (12)
and we have introduced a following operator:
B := ( ◦∆ + 2)
(
◦
∆ + 2− 6m
r
)−1
. (13)
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The operator B is non-local with respect to the coordinates on spheres S(r). It is, however,
local with respect to the radial and temporal coordinates. The value of B in a compact
subset of spacetime will therefore always depend upon a compact, though perhaps slightly
bigger, subset of spacetime. We call such an operator “quasi-local”.
The set of four scalar functions (x,X,y,Y) constitutes a representation of initial
Cauchy data equivalent to the pair of tensors (hkl, P
kl). These functions are: 1) gauge
invariant, 2) no longer restricted by any constraint and 3) diagonalize the ADM symplectic
structure of the phase space of Cauchy data (i.e. are canonical variables). Moreover, they
carry the entire gauge-independent information about the gravitational field, i.e. the con-
figuration (hkl, P
kl) can be uniquely reconstructed up to an arbitrary gauge transformation
if we know the value of the above canonical variables.
In this representation field dynamics reduce to a set of four equations of motion:
x˙ =
f
Π
X, (14)
X˙ =
Π
r2
{(
fr2x, 3
)
, 3 +
[ ◦
∆ + f(1− 2B) + 1− r2Λ
]
Bx
}
, (15)
y˙ =
f
Π
Y, (16)
Y˙ = Π
{[
f
r2
(r2y), 3
]
,3
+
1
r2
(
◦
∆ + 2)y
}
. (17)
There is, however, a subtle point here: when decomposed into spherical harmonics on
S(r), the monopole and dipole parts of (x,X,y,Y) are not dynamical — they correspond
to conserved charges. There are up to ten charges, depending on the symmetry of the
background metric. The monopole part of x is the mass (energy). For m = 0 (pure de
Sitter) the dipole parts of X and x describe the linear momentum and the static moment
(i.e. information about center of mass) respectively, six charges altogether. Whenm 6= 0 we
lose the translational symmetry of the background and the corresponding dipole parts of
Q and Ξ replace/substitute those “linear charges”, but they are no longer gauge-invariant.
Finally, the dipole part of y (denoted dipy) describes the angular momentum, providing
the last three charges. The remaining mono-dipole parts of the canonical variables vanish
identically.
In the regime of weak fields, the first seven charges can be easily eliminated. Indeed,
splitting the metric tensor gµν into the background ηµν and a “small perturbation” hµν is
not unique. If the mass, linear momentum and the static moment/center of mass of the
resulting field hµν do not vanish, we can “change our mind” and choose as the background
a slightly different Kottler metric η obtained from the previous one by a small change of
the parameter m and by a Lorentz boost and a spacelike translation (both small), in such a
way, that the resulting charges of the corresponding field h vanish. Physically, this means
that the seven charges can be shifted from the dynamical field h to the background η. To
eliminate the angular momentum it would be necessary to use a background with a non-
vanishing angular momentum (Kerr-de Sitter). For the sake of simplicity we keep the
spherical symmetry of the background and describe angular momentum on the level of
perturbation.
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The space of Cauchy data of the complete (non-linear) theory is endowed with the
canonical symplectic form Ω, known as the ADM structure. In case of a bounded region Σ
with boundary ∂Σ, the symplectic form Ω contains not only the ADM bulk term
∫
Σ δP
kl∧
δgkl, but also an extra boundary term, which makes it gauge invariant (see [7] and [5]). It
turns out (see [11]) that for linearized theory only the “mono-dipole-free” part, denoted by
underscored symbols (x,X,y,Y), (also called the “wave part”) of the initial data remains
in the bulk integral. It represents the “true dynamical variables” of the theory. The ADM
symplectic structure assumes a canonical form:
Ω =
1
16pi
∫
Σ
δP kl ∧ δhkl =
1
16pi
∫
Σ
δX ∧ ◦∆−1(
◦
∆ + 2)−1δx+ δY ∧
◦
∆−1(
◦
∆ + 2)−1δy + boundary terms ,
(18)
where the boundary terms can be killed by appropriate boundary conditions (cf. [11]).
Field dynamics (14) – (17), which can be symbolically represented as ∂
∂t
, uniquely define
the gauge-invariant Hamiltonian functional, according to formula:
Ω(
∂
∂t
, ·) = −δHInvariant (19)
where
16piHInvariant = 1
2
∫
Σ
f
Π
[
X
◦
∆
−1(
◦
∆ + 2)
−1X+Y
◦
∆
−1(
◦
∆ + 2)
−1Y
]
+
1
2
∫
Σ
Π
r2
[
f(rx),3
◦
∆
−1(
◦
∆ + 2)
−1(rx),3 + x
r2
f
V (+)
◦
∆
−1(
◦
∆ + 2)
−1x
]
+
1
2
∫
Σ
Π
r2
[
f(ry),3
◦
∆
−1(
◦
∆ + 2)
−1(ry),3 + y
r2
f
V (−)
◦
∆
−1(
◦
∆ + 2)
−1y
]
.
(20)
V (+) and V (−) are quasi-local, positive-definite potential operators, whose exact form is
irrelevant here. We again refer the reader to [11] for further details.
4 Main result
We proceed to obtain the relation between HHawking and HInvariant. The Hawking mass [14],
[15] of a region surrounded by a topological sphere S is defined by:
HHawking :=
√
Area S
16pi
(
1− 1
16pi
∫
S
(HµH
µ +
4
3
Λ)da
)
, (21)
where Hµ is the mean extrinsic curvature of the boundary S in the enveloping four-
dimensional spacetime. Formula (21) includes a correction term 43Λ, which accounts for
the cosmological constant. We stress its presence, as it is often omitted in literature.
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We derive the relation between the Hawking mass and the Hamiltonian of the linearized
theory as a consequence of the scalar Gauss–Codazzi constraint:
g
3
R − 2Λg = PklPkl − 1
2
P2. (22)
After using the Gauss–Codazzi geometric identities to express the three-dimensional Ricci
scalar
3
R in terms of objects on the spheres S(r) and performing an integration over Σ, we
arrive at a following equation:
∫
∂Σ
rλ
(
2
R− 1
2
k2 − 2
3
Λ
)
= −
∫
Σ
(√
g33
k
+
r
2
)[
(k2 +
4
3
Λ)wa
]
,a
+
∫
Σ
g33
λ
(
PklP
kl − 1
2
P 2
)
+
∫
Σ
λ
(
kABk
AB − 1
2
k2 +
1
2
g˜AB(log g33),A(log g
33),B
)
,
(23)
where kAB is the extrinsic curvature of spheres S(r) in Σ, g˜
AB is the inverse of the two-
dimensional metric gAB induced on S(r) and w
a := λg
3a
g33
. The boundary integral on the
left-hand side is reminiscent of the Hawking mass with the cosmological constant correction
term, although it is not equal to (21) yet. To transform the left-hand side of (23) into
the Hawking mass integral several steps must still be taken. We begin by performing a
second-order approximation of the right-hand side of the equation. Among other resultant
terms, a square of the extrinsic curvature of Σ will emerge, which we may transfer to the
left-hand side. We obtain an approximated equality:
r
∫
∂Σ
λ
(
2
R− 1
2
(k2 − (KABηAB)2)︸ ︷︷ ︸
≈H2
−2
3
Λ
)
≈
∫
Σ
Π
2r2
dip(y)(− ◦∆)−1 dip(y)︸ ︷︷ ︸
square of angular momentum
+16piHInvariant
+
2m
r2
∫
∂Σ
(Π− λ) + 1
2
∫
∂Σ
fΠ
r
y
◦
∆
−1(
◦
∆ + 2)
−1y +
fΠ
r
x(B − 1) ◦∆−1(
◦
∆ + 2)
−1x
+
1
2
∫
∂Σ
rf
Π
Ξ
◦
∆−1(
◦
∆ + 2)−1BΞ− fΠ
r
BQ( ◦∆ + 2)−1
[
x+
1
4
◦
∆Q− 1
2
f(B − 1)Q
]
.
(24)
This equation is in fact the main result of our paper, but to fully appreciate its meaning,
several finishing touches are still necessary. First, we need to get rid of the problematic
expression 2m
r2
∫
∂Σ(Π− λ) from the second line. To do this, we observe that we still have a
freedom in choosing the radial coordinate on the manifold with metric gµν . Our assumption
of existence of a spherical foliation of Σ does not specify the way in which we identify its
leafs with the leafs of the natural spherical foliation of ηµν . The way that we compare gµν
with the background reference metric is not entirely fixed.
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S(r0)
S(r1)
gµν
ηµν
In practice, this freedom amounts to remapping r with a monotonous function. Using
it, we can demand that the radial coordinate on the boundary is equal to the areal radius
for the metric gµν . As it is already the areal radius for the metric ηµν , this condition leads
to:
r0,1 =
√∫
S(r0,1)
Π
4pi
=
√∫
S(r0,1)
λ
4pi
=⇒
∫
∂Σ
(λ−Π) = 0.
Apart from getting rid of the problematic term on the right-hand side of (24), it also makes
the factor r in the boundary integral on left-hand side equal to the square root factor in
(21). If we observe, in addition, that up to second order corrections in hµν :
HµHµ ≈ k2 − (KABηAB)2, (25)
then the left-hand side of (24) becomes equal to 16piHHawking (the integral of the Ricci scalar
is equal to 8pi by the Gauss–Bonnet theorem).
With these observations and assumptions, we may rewrite (24) in a cleaned up, final
form:
16piHHawking ≈ 16piHInvariant +
∫
Σ
Π
2r2
dip(y)(− ◦∆)−1 dip(y)︸ ︷︷ ︸
square of angular momentum
+
1
2
∫
∂Σ
fΠ
r
y
◦
∆−1(
◦
∆ + 2)−1y +
fΠ
r
x(B − 1) ◦∆−1(
◦
∆ + 2)−1x
+
1
2
∫
∂Σ
rf
Π
Ξ
◦
∆
−1(
◦
∆ + 2)
−1BΞ− fΠ
r
BQ( ◦∆ + 2)−1
[
x+
1
4
◦
∆Q− 1
2
f(B − 1)Q
]
.
(26)
We would now like to interpret the two boundary integrals on the right-hand side.
The square expressions in x and y in the second line are constant if we control the value
of these “true degrees of freedom” at the boundary: once we calculate the variation of
(26), these expressions will turn into terms of the form xδx and yδy, which vanish if
δx|∂Σ = 0 = δy|∂Σ. Mathematically, controlling the Dirichlet data on ∂Σ for the “true
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degrees of freedom” is necessary whenever we want to describe field evolution within the
domain Σ as a Hamiltonian system (see [13], [7], [5], [8]). Physically, such control defines
an adiabatic insulation of the physical system we want to describe (i.e. the field contained
in the interior of Σ) from the “rest of the World”. Being constant, the second line in formula
(26) may thus be neglected and this belongs to the standard repertoire of the Hamiltonian
field theory.
Neglecting the gauge-dependent quantities Ξ and Q in the last line seems, at the first
glance, more problematic. It is, however, justified by the fact that the boundary gauge
condition Ξ = 0 = Q is the linearized version of the “rigid sphere” condition (see [6] and
[9]): A topological sphere S is a rigid sphere if its extrinsic curvature Hµ is spacelike and
the mono-dipole-free parts of the length of Hµ together with the divergence of its extrinsic
torsion vanish:
||H|| = 0, (27)
(λtA)||A = 0. (28)
The spheres S(r) in the Kottler metric satisfy these conditions. It turns out that
the quantities Q and Ξ are linear corrections to the equations above. Therefore, the
gauge choice forced upon us by the last line in (26) can be interpreted as a linearized
rigid sphere condition. It can also be interpreted as a condition imposed on the vector field
T = ∂
∂t
, i.e. on the reference frame. As noted in the Introduction, a Hamiltonian functional
generating evolution with respect to a generic reference frame does not have the properties
which we expect from a true energy, namely positivity, convexity etc. But the quadratic
expression HHawking does fulfill these properties! Thus, the Hawking mass measured on a
rigid sphere is positive and convex, at least in the regime of weak fields, when its quadratic
approximation prevails. It represents the field energy measured with respect to a reference
frame T satisfying the condition:
gµνT
µHν = 0 . (29)
If the boundary of Σ does not satisfy the rigidity condition Ξ = 0 = Q, the corresponding
quantity HHawking is not necessarily positive even in the weak field regime and cannot be
identified with the field energy contained in Σ because the corresponding field T cannot
be treated as a “time translation” in any reasonable sense.
5 Conclusions
We used our formalism of reduced variables to investigate the behaviour of Geroch–
Hawking mass for weak gravitational perturbations of the Kottler metric. It turns out
that the quadratic approximation of quasi-local Geroch–Hawking mass is related to the
gauge-invariant Hamiltonian — the generator of dynamics of linear theory — provided
that the boundary of the considered region is composed out of spheres satisfying a cer-
tain gauge condition. This condition turns out to be a linearization of the “rigid sphere
condition” from the complete, non-linear theory. The rigid sphere condition, in turn, char-
acterizes spheres which provide a physically reasonable “reference frame” for defining time
10
translations of a region in spacetime — which are necessary to talk about energy. This
observation supports our hypothesis that perhaps the quasi-local energy problem is well
posed only for 2D surfaces ∂Σ which satisfy extra conditions — those for which such time
translations are well defined.
The relation that we derived contains an extra bulk term, the “square of angular momen-
tum”. But, due to vector constraint, this term can be rewritten as a boundary term which
appears also in other aspects of quasi-local mass/Hamiltonian, see [12].
Conditions for the choice of boundary spheres (in linear approximation) correspond to the
Rigid sphere conditions in the full theory. This observation suggests that quasi-local mass
is perhaps well-defined only for regions with appropriately regular boundary.
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